Contents

Acknowledgements v
Abstract(English /French) vii
List of figures xiv
List of tables xvii
I Introduction 1
1 Spin Glasses and the Cavity Method 5
1.1 Graphical Models and Concepts from Statistical Physics . . . . . ... .. 5
1.1.1 TheFreeEnergy . . .. ... ... . ... .. .. .. .. ...... 6

1.2 An Important Paradigm: the Square Lattice Ising Model . . . . . . . . .. 7
1.3 Glass Phenomenology . . . . . . . .. . .. ... o 11
1.4 SpinGlasses. . . . . . . . . . e e e 13
1.5 Introduction to the Cavity Method . . . . . . . .. ... ... ....... 15
1.5.1 Graphical Models on Trees: the Bethe Free Energy . . . . . . . .. 15

1.5.2 Loopy Graphs: Predictions From the Cavity Method . . . . . . . . 17

2 Coding Theory and Sparse Graph Constructions 21
2.1 Channel Coding . . . . . . . . . . . .. e 21
2.1.1 Communication Through Noisy Memoryless Channels . . . . . . . 23

2.1.2 Codes Based on Sparse Graphical Models . . . . ... ... ..., 25

2.1.3 The Conditional Entropy as a Measure of Optimal Performance. . 30

2.2 Lossy Source Coding . . . . . . . . . . o o it 31
2.2.1 The Rate-Distortion Theory . . . . . . . .. ... ... ... .... 33

2.2.2 LDGM as a Lossy Source Compression Scheme . . ... ... ... 34

2.2.3 Decoding by Sampling: BP Guided Decimation . . . . ... . ... 36

2.2.4 Spatially-Coupled LDGM Codes . . . . ... ... ......... 37

2.2.5 The Poisson-Regular Degree Distributions . . . . . ... ... ... 39

xi

Vuffray, Marc digitalisiert durch

The cavity method in coding theory IDS Basel/Bern, im Auftrag der

2014 Schweizerischen Nationalbibliothek



Contents

3

II

xii

Contribution and Organization 41

Exactness of the Bethe Free Energy for Sparse Graph Codes. . . . . . .. ... 41
The Polymer Expansion . . . . ... ... ... ... ... . ...... 42
High-Temperature Models . . . . . . ... ... ... ... ...... 42
LDPC Codes . . . . . . . .o i i e e e e e 43

Approaching the Rate-Distortion Bound by Spatial Coupling, a Perspective
from the Cavity Method . . . . . . ... ... .. ... ........... 43
Approaching the Rate-Distortion Bound by Spatial Coupling . . . . . .. 44
A Perspective from the Cavity Method . . . . . . . .. ... ... ..... 45

Exactness of the Bethe Free Energy for Sparse Graph Codes 47

The Polymer Expansion 49
4.1 Settings . . . . . . . . e e e e 49
4.2 Loop Sum Identity . . . . .. .. .. ... ... ... 51
4.3 Polymer Expansion of the Loop Sum Identity . . . . ... ... ... ... 54
4.3.1 Polymer Representation . . . ... ... ... ... ..... ..., 54
4.3.2 A Combinatorial Tool: the Polymer Expansion . . ... ... ... 55
4.4 Convergence Criterion and Control of the Polymer Expansion . . . . . . . 58
4.5 Ilustration with the 2D Ising Model . . . . . . .. .. ... ... .. ... 60
4.5.1 Preamble . . . . . .. .. ... e 61
4.5.2 The Bethe Free Energy of the Ising Model . . . . . ... ... ... 62
4.5.3 The Polymer Expansion for the Ising Model . . . . . . . ... ... 63
4.5.4 Comparison with the Exact Solution . . . . . .. ... ... .... 67
4.5.5 On the Convergence of the Polymer Expansion . . . ... ... .. 67
High-Temperature Models 71
51 Preamble . . . . . . . . e 71
5.2 Exactness of the Free Energy at High Temperature . . . . . . .. .. ... 72
53 Applicationto LDGM Codes . . . . .. .. .. ... .. ... . ... 76
53.1 Preamble . .. .. .. . ... e 76
5.3.2 The Bethe Free Energy for LDGM Codes . . . .. ... ... ... 7
5.3.3 Exactness of the Bethe Free Energy for LDGM Codes . . . . . . . 78
LDPC Codes 81
6.1 Settings . . . . . . . . e e e 82
6.2 The Polymer Expansion for LDPC Codes . . . ... ... ... ...... 83
6.2.1 The Bethe Free Energy of LDPC Codes . . . . . ... ....... 83
6.2.2 Bound on the Activity . . . . .. ... ... ... oo, 84
6.2.3 Splittingof the LoopSum . . . . ... ... ... ... ... .... 86
6.3 Contribution of Small Polymers . . . . . . ... ... ... ... ...... 88
6.4 Probability Estimates on Graphs . . . . . ... ... ... ... ... .. 90



Contents

6.5
6.6

Exactness of the Bethe Free Energy for LDPC Codes . . . . . . . ... .. 9
Discussion . . . . . . .. .. e e e 98
66.1 LDPC:TheCaselEven ... ... ... ............... 98
662 TheCasel>r . ... . . . . . . . . . 99
6.6.3 LDPCatLowNoise . .. ... ... ... ... ... ...... 99

IIT Approaching the Rate-Distortion Bound by Spatial Coupling, a

Perspective from the Cavity Method 101
7 Approaching the Rate-Distortion Bound by Spatial Coupling 103
7.1 Spatially-Coupled LDGM Codes . . . . . ... .. ... ... ....... 103
7.1.1 Lossy Compression of Symmetric Bernoulli Sources . . . . . . . .. 103
7.1.2 Spatially-Coupled Low-Density Generator-Matrix Constructions . 104
7.1.3 Decoding Rule and Optimal Encoding . . . . ... ... ... ... 106
7.1.4 Statistical Mechanics Formulation . . ... ... ... ... .. .. 107

7.2 Belief Propagation Guided Decimation . . . . . . . .. .. .. ... .... 109
7.2.1 Belief Propagation Equations . . . . .. .. ... ... .. ..... 110
7.2.2 Decimation Process . . . ... ... ... ... .. . 111
7.2.3 Belief Propagation Guided Decimation . . . . . . . .. .. 111
7.2.4 Initialization and Choice of Parameterse, Tand 8 . . . . . .. .. 112
7.2.5 Computational Complexity . . ... ... ... ... ... ..... 113

7.3 Simulations . . . . . .. . .. 114
7.3.1 BPGD Performance and Comparison to the Shannon Limit . . . . 114
7.3.2 The Choice of the Parameter 8 . . . . . ... ... ... ...... 116
7.3.3 CONVErZENCE . . . . v v v v v i i e e e e e e e e e e e 118

8 A Perspective from the Cavity Method 119
8.1 The Cavity Method .. . .. .. ... ... ... ... ... ...... 120
8.2 Application to Spatially-Coupled LDGM codes . . . . . . ... .. .... 127
8.3 Quenched Average and Density Evolution Equations . . . .. .. ... .. 129
8.3.1 Fixed-Point Equations of the Cavity Method for 8 <3, . . .. .. 130
8.3.2 Complexity in Terms of Fixed-Point Densities . .. ... ... .. 132
8.3.3 Population Dynamics . . . .. ... ... ... ... ... 133
8.3.4 Further Simplifications of Fixed-Point Equations and Complexity . 134
83.5 LargeDegree Limit. . . ... ... .. ... ... .......... 137

8.4 The Predictions of the Cavity Method . . . . .. ... ... ... ..... 138
8.4.1 Complexity and Thresholds of the Underlying and Coupled Ensembles138
8.4.2 Comparisonof f*with 85 . . . .. ... .. ... ... ... .... 140
8.4.3 Sampling of the Gibbs Distribution with BPGD-r. . . . . . . . .. 140
8.4.4 Large Degree Limit. . . . .. ... ... ... . .. ......... 141

85 Discussion . . . . . . .. .o e e e e e e e 142
851 Summary . . .. . ... e e e e e 142



Contents

852 OpenQuestions. . . . . . . . . . v i i i
A The All-zero Codeword Assumption for Symmetric Channels
B On the Number of Rooted Polymers

C Two Theorems for the Density Evolution Equations
C.1 Proofof Theorem C.1 . . ... ... .. ... . ... .. oo
C.2 Proofof Theorem C.2 . . .. .. .. .. .. ... ... ...

Bibliography

Curriculum Vitae

xiv

145

147

149
150
156

167

169



	vtls001741247 [TOC]
	Inhalt
	Seite 1
	Seite 2
	Seite 3
	Seite 4



