
CONTENTS 

Abstract 

List of Figures 

Notation and Abbreviations 

Introduction 

1 Preliminaries 

1.1 

1.2 

1.3 

1.4 

2.1 

Notation Li... ann 

Holomorphy in Banach Spaces .........................,... 

1.2.1 Fréchet Differentiability and Multilinear Maps . ............... 

1.2.2 Holomorphy in One Variable .......................... 

12.3  Holomorphy in Several Variables . ....................... 

12.4 Complexification ................................. 

1.2.5 Holomorphic Extensions of Solutions ..................... 

Smolyak Algorithm .................................... 

13.1 Sparse-Grid Interpolation ............................ 

13.2 Number of Interpolation Points . ........................ 

1.3.3 Sparse-Grid Quadrature .......................,...... 

13.4 Computational Complexity ........................... 

Multiindex Sequences .................................. 
141 Summability. ................................... 

14.2 Stechkin's Lemma ................................ 

143 Index Sets ..................................... 

2 Polynomial Chaos Expansions 

Convergence of Polynomial Chaos Expansions .................... 

2.1.1 Taylor GPC Expansions ............................. 

2.2 

2.3 

2.4 

2.1.2 Orthonormal GPC Expansions ......................... 
Strongly Convergent Input 

Taylor Coefficients .... 

Jacobi Coefficients .... 

Weakly Convergent Input 

2.2.1 

2.2.2 

2.3.1 Taylor Coefficients ................................ 
2.3.2 Jacobi Coefficients ................................ 
Best N-term Convergence and Optimality ....................... 
2.4.1 Best N-term Convergence ............................ 

iii 

xiii 

xvii 

55 

59 

59 

61 

69 

70 

83 

91 

91



242 Improvement т 10. .. ttn 

243 Comparison of Best N-term Rates ....................... 

3 Sparse-Grid Interpolation and Quadrature 

3.1 Smolyak Convergence Rates . .............................. 

3.1.1 Interpolation ................................:.. 

3.1.2 Quadrature ................................ t n n 

3.1.3 Determining Ag . еее еее еее 

32 Multilevel Approximation .......:....:................... 

32.1  Approximations in Х LL 

322 Multilevel Algorithm............................... 

3.2.3 Convergence Rates ................................ 

4 Parametric PDEs 

4.1 Petrov-Galerkin Approximations ............................ 

41.1 Holomorphic Parameter Dependence ..................... 

42 Expansion of Coefficients ................................ 

43 Elliptic Equations in Polygonal Domains . LL 

43.1 Setting ....................................... 

43.2 Spatial Regularity and FEM Approximation... ne 

4.3.3. Globally Supported Expansions LL 

4.3.4 Locally Supported Expansions 22 

4.3.5 Multilevel Convergence ........:.:....:...:............. 

436 DomainUQ .............. ns 

44 Domain ОО for the Stokes and Navier-Stokes Equations . . ............. 

44.1 Setting ....................................... 

442 Transformation and Well-Posedness ...................... 

443 StokesEquations ...............................:. 

4.4.4 Navier-Stokes Equations . ............................ 

5 Numerical Experiments 

5.1 Implementation (еее nk hr e nn 

5.1.1 Interpolation/Quadrature Points ........................ 

5.12 Multiindex бе... еее еее еее еее еее 

513- Levels « —. 2. rie. re RU. Pg ue: en ee 

5.2 Preasymptotic Behaviour and Competing Algorithms ................ 

52.1 ОМС уз. бто]уаК . ................................ 

5.22 Adaptive vs. Apriori LL 

Domain UQ for Navier-Stokes .............................. 

54 Multilevel Convergence for an Elliptic Equation ................... 

54.1 1d Diffusion Problem............................... 

542 2d Domain UQ . LL 

Conclusion 

А Bochner Spaces 

A.1 Bochner Integral. LL. 

A.2 Product Measure ..................................... 

97 

97 

98 

100 

103 

106 

107 

110 

111 

121 

121 

121 

126 

132 

132 

134 

135 

137 

140 

143 

147 

148 

149 

153 

157 

161 

161 

162 

162 

165 

165 

166 

168 

171 

174 

174 

176 

179 

B Jacobi Polynomials 
B.1 Definition 

B.2 Properties ...... 

В.2.1 Bounds on the 

В.2.2 Bounds on the Jacobi Coefficients 

C Additional Proofs 

C.1 Proof of Lemma 2.3.10 

C.2 Proof of Lemma 3.2.6 and Lemma 3.2.7 

C.3 Proof of Theorem 4.1.1 

C.4 Proof of Lemma 4.4.2 

Bibliography 

Maximum of the Jacobi Polynomials 

and Lemma 2.3.11 

185 

185 
185 

185 
187 

191 

191 

193 

197 

199 

203 

xi


